Abstract A model based on analytical development and numerical solution is presented for estimating the cumulative distribution function (cdf) of the runoff volume and peak discharge rate of urban floods using the joint probability density function (pdf) of rainfall volume and duration together with information about the catchment's physical characteristics. The joint pdf of rainfall event volume and duration is derived using the theory of copulas. Four families of Archimedean copulas are tested in order to select the most appropriate to reproduce the dependence structure of those variables. Frequency distributions of runoff event volume and peak discharge rate are obtained following the derived probability distribution theory, using the functional relationship given by the rainfall-runoff process. The model is tested in two urban catchments located in the cities of Chillán and Santiago, Chile. The results are compared with the outcomes of continuous simulation in the Storm Water Management Model (SWMM) and with those from another analytical model that assumes storm event duration and volume to be statistically independent exponentially distributed variables.
INTRODUCTION
When planning, designing, and operating urban stormwater drainage systems, the proper tools must be available for predicting how a system will behave under various scenarios. Unfortunately most urban catchments are ungauged and runoff data are extremely scarce. Additionally, most planning and design are done before urban development actually takes place.
Thus, observation-based hydrological analysis is normally unfeasible, meaning that other methodologies must be used. Simple models are generally used and applied to independent events, for example, design storms with return periods between 2 and 100 years. However, more complex tools have also been developed for the continuous simulation of urban drainage systems. A catchment is represented by its geomorphological parameters and a continuous series of rainfall is used to excite the system. The hydrological response is obtained as a continuous series of runoff rate and its properties (runoff volume and peak flows, among others). Although the continuous simulation approach can be used in some stages of systems planning, it is relatively cumbersome, time consuming and expensive (Adams & Papa, 2000) . An alternative for hydrological analysis of urban catchments, especially at the screening level, is based on analytical models in which makes it easier to include the stochastic properties of rainfall and its influence on the catchment response. These models are developed to calculate the cumulative probability distribution function (cdf) or the probability density function (pdf) of the characteristics of runoff events (such as volume and peak discharge rate) using the statistical properties of rainfall events together with the physical properties of the catchment. The typical structure of an analytical model contains three modules: (a) stochastic rainfall model, (b) rainfall-runoff transformation, and (c) a procedure to estimate the cdf of the variables of interest.
Storm events have usually been modelled under the assumption that their characteristics are statistically independent (Eagleson, 1972; Díaz-Granados et al., 1984) , or their dependence has been included using limited joint distribution functions (Córdova & Rodríguez-Iturbe, 1985; Kurothe et al., 1997; Goel et al., 2000) . For rainfall-runoff transformation, several options have been proposed including: constant loss rates (Eagleson, 1972; Kurothe et al., 1997; Goel et al., 2000) , curve number (Raines & Valdés, 1993) , or Philip's equation (Díaz-Granados et al., 1984) . Guo & Adams (1998a,b) , developed a model for urban catchments that characterizes storm events based on their duration and volume, assuming these variables to be independent and exponentially distributed. They estimated infiltration losses with the Horton equation and used a triangular hydrograph to calculate peak discharge rate. Following the same line, Rivera et al. (2005) proposed a similar model, which attempts to reproduce dependence of volume and duration through modelling average rainfall intensity as an exponential variable. The problem with the abovementioned models is that they do not adequately represent the structure of dependence of storm event characteristics observed in many places. Some assume independence, others assume marginal distribution functions from the same family, and others deal with dependence using limited values of the Pearson correlation coefficient (Córdova & Rodríguez-Iturbe, 1985; Kurothe et al., 1997) in circumstances in which the dependence structure of the variables may be different.
In order to represent the dependence structure of random variables, the concept of copula has been introduced to the field of statistical modelling of multivariate phenomena (Sklar, 1959) . A copula is a function that connects one-dimensional probability functions to create multivariate distribution functions. In recent years, the concept of copula has been also introduced in the field of hydrology by De Michele & Salvadori (2003) and successively by Salvadori & De Michele (2004) to model statistical dependence between intensity and duration of rainfall. More recently, copulas have been used for modelling the statistical dependence between rainfall duration and inter-event time duration (Salvadori & De Michele, 2006) and other hydrological variables (Favre et al., 2004; De Michele et al., 2005) . For this work an analytical model is developed to estimate the cdfs of runoff volume and peak discharge rate using a stochastic rainfall model based on copula theory and a catchment characterization based on the work of Guo & Adams (1998a,b) .
STOCHASTIC MODEL FOR RAINSTORMS
With the objective of finding a stochastic model for representing rainstorms, a methodology is needed to identify independent storms from a continuous rainfall record. As follows, each storm event is characterized according to its duration (t), volume (v) and the time between events (b) with their respective marginal distribution functions. Then, the joint distribution functions between v and t and between t and b are derived using the copula theory.
Minimum period between rainfall events
The first step in the statistical analysis of precipitations is to break up the continuous rainfall time series into independent events. To distinguish between two independent storm events, a minimum period of time without precipitation is defined as the inter-event time definition (IETD; Adams & Papa, 2000) . Thus, periods of rainfall separated by a dry period greater than IETD are considered to be different events, while those separated by a dry period less than IETD are considered to be part of the same event.
One of the methodologies developed to determine IETD is the method proposed by Restrepo-Posada & Eagleson (1982) , which assumes that the dry period is an exponentially distributed variable, selecting IETD in such a way that b follows an exponential distribution with scale parameter 1= b for b ! IETD. Another method for estimating IETD is to calculate the autocorrelation function of the averaged rainfall intensity time series or rainfall volume time series, usually on an hourly scale, successively lagged (Bonta & Rao, 1988) . Following this methodology, IETD is the minimum lag of a statistically insignificant autocorrelation coefficient. A third method examines the relationship between IETD and the average number of storm events per year ðNÞ. When plotting IETD against N, IETD is selected in such a way that for higher values, significant variations in N are not observed. As an alternative, it is proposed that the minimum amount of time that must pass in order for two consecutive storms to be considered independent be computed by modelling hourly rainfall with a simple Markov chain (Salas, 1993) . The phenomenon is modelled for two states: rain (state "1") and no rain (state "0"). The process is defined by its transition probabilities, which are estimated based on observations with:
where N ij is the number of transitions from state i to state j, P ij is the transition probability from state i to state j, with i, j ¼ 0, 1; and P is the matrix of transition probabilities.
In this type of process, the transition probabilities become independent of the initial state after many time steps and tend toward a value equal to free probability, as follows:
where P ij,m is the transition probability from state i to state j in m time steps (hours in this case), P j is the occurrence probability of state j, N i is the number of hours in state i and N j is the number of hours in state j. Adopting a tolerance threshold ε, IETD is equal to a value m* for which P ij,m* % P j , such that:
To estimate the transition probabilities in m time steps, the matrix P is multiplied m times by itself:
! m ¼ P 00 P 01 P 10 P 11 ! Á P 00 P 01 P 10 P 11 ! Á Á Á P 00 P 01
where P ij,m is the transition probability from state i to state j in m time steps, and P m is the matrix of transition probabilities in m time steps.
Joint distribution function of rainfall volume and duration
The copula theory is used to calculate the joint distribution function of v and t. Although this concept was first used in a mathematical sense by Sklar (1959) , the use of copulas for developing multivariate models for hydrological phenomena is relatively recent (De Michele & Salvadori, 2003; Favre et al., 2004; Salvadori & De Michele, 2004; De Michele et al., 2005; Salvadori & De Michele, 2006 . Limiting the application of copulas to bidimensional cases, the joint cdf H X,Y (x,y) of any pair of continuous random variables (X,Y) can be written according to Nelsen (2006) as:
where F X (x) and G Y (y) are the marginal cdfs and C is the copula or dependence function. The major advantage of using copulas is that the problem of determining H X,Y (x,y) reduces to estimating, separately, the marginal distributions and the dependence function C (Zhang & Singh, 2007) .
Several authors have developed families of copulas. Nelsen (2006) presents an extensive list of copulas available in the literature. The most popular in hydrological applications are Archimedean copulas because they have specific properties that make them easy to build and allow for both a positive and a negative correlation among variables (Genest & MacKay, 1986) . One-parameter Archimedean copulas for a pair of random variables (X,Y) with marginals
and U 2 ¼ G Y (y) can be expressed using the following equation:
where C θ is the Archimedean copula, ϕ is the copula generator function, θ is the parameter hidden in ϕ and u 1 , u 2 denote specific values of U 1 , U 2 . The generating function ϕ is convex and decreasing and satisfies ϕ(1) ¼ 0 and ϕ -1 ¼ 0 when ϕ(0) u 1 or u 2 . Following the development proposed by Zhang & Singh (2007) , the four families of Archimedean copulas presented in Table 1 are proposed to represent cdfs of storm variables.
The four families presented above allow modelling the positive dependence and two of them also the negative dependence. This selection of families fits well the expected type of dependence structure between the variables of interest. As a first approximation, it seems natural to believe that longer storms tend to present higher rainfall volume than shorter ones. In the same way, after a long storm a long dry period is more expectable than a short one. Anyway, negative dependence is not immediately discarded.
The parameter θ is estimated using the method of moments based on Kendall's tau correlation coefficient (τ) which is one of the most used association or dependence measures for variables with non-normal distribution. Given two random samples of the variables X and Y, the sample estimate of τ, according to Genest & Favre (2007) is given by:
where P N is the number of concordant pairs, Q N is the number of discordant pairs and N is the sample size, in this case the number of storm events. Two pairs are concordant if (x i -x j )(y i -y j ) 4 0 and are discordant if
(y i -y j ) ¼ 0, they have an equal possibility of being concordant or discordant. Genest & MacKay (1986) showed that for Archimedean copulas there is a theoretical relationship between τ and the function ϕ given by equation (9). Afterwards, to obtain parameter θ the sample estimate of τ, τ N , is equated with the model's parametric τ, τ θ .
where ϕ 0 is the derivative of ϕ. The four mentioned families of copulas are fitted to the rainfall volume and duration data. In order to identify the most appropriate copula, the procedure described by Genest & Rivest (1993) is applied. This procedure compares the empirical and theoretical cdfs of the intermediate variable W, K N and K θ , respectively. The methodology involves calculating W i and K N in accordance with:
For calculating K θ , Genest & Rivest (1993) showed that for Archimedean copulas, the theoretical distribution function of W is given by:
where w denotes a specific value of W. The terms K N and K θ are evaluated in each W i and the K θ vs K N plot is constructed. If the points on the graph are in agreement with the straight line that 
θ 2 À1; 1 ½ Þ Positive and negative with restrictions passes through the origin with a unitary slope, meaning that the functions agree, then the copula is satisfactory. When more than one family is in agreement according to the K θ vs K N plot, the Akaike information criterion can be employed to select the best agreement (Zhang & Singh, 2007) . Once H X,Y (x,y) is known, the pdf is obtained by differentiating in both variables.
RAINFALL-RUNOFF TRANSFORMATION
In this section, expressions are developed for the runoff volume v r and the peak discharge rate Q P of an urban catchment. For v r the methodology developed by Guo & Adams (1998a) is followed. For Q P , besides using the methodology proposed by Guo & Adams (1998b) , the model is implemented with the US SCS unit hydrograph (Soil Conservation Service, 1972) .
Runoff volume (v r )
Guo & Adams (1998a) developed a methodology for estimating v r as the difference between rainfall volume and total losses due to interception, initial storage and infiltration, considering pervious and impervious surfaces. The initial losses were simulated by a depression storage volume for impervious surfaces, S di , and, for pervious surfaces, S dp . These volumes were assumed to be totally empty at the beginning of each storm event. Losses due to infiltration were estimated using the Horton equation:
where f p (mm/h) is the infiltration capacity in the instant t, f c is the ultimate infiltration capacity (mm/h), f o is the infiltration capacity at the beginning of storm (mm/hh) and k is the infiltration capacity decay coefficient (h -1 ). Additionally, the following assumptions were considered by Guo & Adams (1998a) :
(a) The maximum volume of infiltration within a storm of duration T given by:
where the first term on the right-hand side of equation (14) is the initial infiltration volume prior to saturation, denoted S iw . (b) During dry periods, the soil recovers its infiltration capacity in accordance with the equation used in the SWMM model (James et al., 1998) . Then, f o for each event, occurring at time b from the end of the preceding storm, is given by:
where f m is the maximum infiltration capacity (mm/h) and k d is the regeneration coefficient (h -1 ). (c) The value of S iw is assumed to be constant and is estimated at its expected value E(S iw ). Substituting f o given by equation (15) into the right-hand side of equation (14), S iw is obtained as a function of t and b and its expected value, E(S iw ), is calculated as:
where h B,T (b, t) is the joint pdf of b and t derived with the copula theory. (d) The sum of S dp and S iw is designated by S il and represents the initial losses in pervious areas due to infiltration and storage. All storm events must satisfy this volume in order for runoff to be generated on these surfaces. Therefore, v r is calculated as:
where h is the fraction of impervious area and
Peak discharge rate (Q p )
To obtain Q p , either the Guo & Adams hydrograph or the SCS hydrograph may be used. Guo & Adams (1998b) calculated peak discharge rate using a triangular hydrograph with a base time equal to the sum of the rainstorm duration and the catchment time of concentration, such that:
Guo & Adams hydrograph
where t c is the catchment time of concentration (h). Thus, the peak discharge rate of an event is expressed as:
SCS hydrograph The hydrograph proposed by the US Soil Conservation Service (SCS, 1972) was derived from many hydrographs calculated to resemble the response of a catchment. This approximation has a rising zone that corresponds to 37% of the runoff volume and establishes that the base time (t b ) and the time to peak (t p ) are estimated as a function of the concentration time with the following equations:
Thus, the relationship between Q p and v r is given by:
In this case, substituting equation (22) into (17) gives:
To estimate the time of concentration the catchment is divided into sub-catchments connected by drainage pipes or channels (i.e. streets). If the subdivision into sub-catchments is not possible, the time of concentration is calculated considering the flow path over the whole catchment (Quader & Guo, 2006) . Each sub-catchment is modelled as an inclined plane subdivided into two parallel planes, pervious and impervious, that drain directly toward the outlet (James et al., 1998) . The travel time is calculated for each plane and the sub-catchment time of concentration corresponds to the highest value. There are many relationships proposed in the hydrological literature to estimate time of concentration of a planelike watershed. Following Quader & Guo (2006) , the Morgali and Linsley equation is proposed for urban catchments.
PROBABILITY DISTRIBUTIONS OF RUNOFF CHARACTERISTICS
Once the functional relationships between (v r , Q p ) and (v, t) have been derived, the cdfs of v r and Q p can de obtained using the derived probability distribution theory.
Probability distribution of runoff volume, v r
In order to estimate the cdf of v r , Guo & Adams (1998a) studied three cases with different storm event magnitudes.
No runoff occurs From equation (17), v r ¼ 0 when v S di . Then, the probability of null runoff is:
Runoff comes only from pervious areas This happens when S di 5 v S il ; that is, when the soil has not yet reached its saturation point. Defining S dd ¼ S il -S di , the maximum value that v r can reach is hS dd . From equation (17) it can be seen that, when 0 5 v 0 hS dd :
Runoff comes from impervious and pervious areas If v r 4 hS dd , runoff may also come from pervious surfaces. Guo & Adams (1998a) defined as Group 1 those events that satisfy v (S il + f c t) and h(v -S di ) v 0 , and as Group 2 those that satisfy
v 0 . Considering this:
Probability distribution of Q p using the Guo & Adams hydrograph
According to equation (19), the probability of null runoff is given by:
To estimate P(Q p q p ) when q p 4 0, Guo & Adams (1998b) defined the integration regions using the following equations:
The relative location of straight lines v 1 , v 2 and v 3 depends on the values of parameters f c , S il , S di , h, t c and q p . Based on this, Guo & Adams (1998b) proposed two types of catchment, which are each divided into three cases with different regions of integration for the determination of P(Q p q p ). Further details are clearly presented in the original publication, where the probabilities are given by:
Type I catchments correspond to those where f c 5 S dd /t c . Three cases are identified: (i) Case q p 52f c h :
(ii) Case 2f c h q p 5 2hS dd t c :
where
(iii) Case 2hS dd t c q p :
Type II catchments correspond to those where f c ! S dd /t. Three cases are identified:
: This is the same as Case (i) for the Type I catchments.
(ii) Case 2hS dd t c q p 52f c h:
(iii) Case 2f c h q p : This is the same as Case (iii) for Type I catchments.
Probability distribution of Q p using the SCS hydrograph
According to equation (23), the cdf of Q p is defined by ranges for q p . The regions of integration are delimited by the following straight lines:
For the case of null runoff, probability P(Q p ¼ 0) is equal to that in the previous case and when q p 4 0 the following ranges are defined:
(i) q p 5 1.1hS dd /t c : the region of integration is shown in Fig. 1(a) and the accumulated probability is calculated as:
(ii) q p ! 1.1hS dd /t c : the region of integration is shown in Fig. 1(b) and the accumulated probability is calculated as:
MODEL APPLICATION
The proposed model is used to determine the cdf of v r and Q p in two catchments. Due to the lack of runoff data, the results were compared to values obtained from the model developed by Guo & Adams (1998a,b) , and with those obtained from continuous simulation in SWMM. The first catchment is located in the city of Chillán, Region VIII, Chile, where a rainfall record every 15 min for the period 1998-2006 is available. The second catchment is located in the city of Santiago, Chile, and has a rainfall observation every 10 min for the period . From the rainfall records, the storm events were identified by applying the procedure based on Markov chains with a tolerance threshold, as defined in equation (4), of ε ¼ AE0.001. For Chillán, an IEDT of 18 h is obtained, while for Santiago the IETD is 30 h. Figure 2 shows the transition probabilities plotted against time steps for both cities. The average annual number of rainstorm events in Chillán is estimated as 74, while in Santiago it is 22. Table 2 shows important data for each study catchment.
Exponential and two-parameter gamma (gamma-2) pdfs were fitted to the obtained series of v, t and b. For the three variables, the latest model showed the best fit for both sites. The gamma-2 density distribution function is shown in equation (42) and the parameters obtained using the maximum likelihood method for available series are shown in Table 3 . The Cook-Johnson, Frank, Gumbel-Hougaard and Ali-Mikhail-Haq copula families were adjusted to calculate the joint cdfs between v and t and between b and t. The estimated values of Kendall's τ and of parameter θ using equation (9) are shown in Table 4 . Estimates in the same order of magnitude of Kendall's τ between v and t can be found in Zhang & Singh (2007) . For Kendall's τ between t and b, the obtained estimates can be compared to results of Salvadori & De Michele (2006) , who performed their analysis depending on the season of the year.
In some cases, parameter θ could not be estimated. The Ali-Mikahail-Haq copula did not fit the v-t data because it is recommended for τ 2 [-0.2, 0.3] and the Cook-Johnson and Gumbel-Hougaard families only allow τ ! 0. Table 4 Estimation of Kendall's τ, and θ parameter using different copulas. Using the values estimated for θ, the K θ vs K N plots and AIC values were computed. Figure 3 shows the selected K θ vs K N plots for (v, t) of both catchments. In the case of Chillán the most appropriate family is CookJohnson, while for Santiago it is the Gumbel-Hougaard family. These results are in agreement with the AIC values in Table 5 .
Doing the same analysis, according to K θ vs K N plots and AIC values in Table 5 , the most appropriate copula for modelling variables b and t in Chillán is the Ali-Mikhail-Haq, while in Santiago the best K θ vs K N plot corresponds to the Frank family. Figure 4 shows these two plots.
The urban physical information about the catchments in Chillán and Santiago were obtained from studies made by the Chilean Public Works Ministry, MOP (2007) and González (2008) , respectively. The different levels of urban development may be seen in the maps in Fig. 5 . While the catchment in Chillán corresponds to a moderately urbanized zone, with some natural surfaces, the Santiago catchment corresponds to a consolidated urban zone.
In both studies, the catchments were divided into sub-catchments connected by drainage elements, and estimates of h, S di , S dp , f m , f c , k and k d were available for each one. In order to implement the analytical model, the values of these parameters for the lumped catchment were calculated using an area-weighted averaged value (Quader & Guo, 2006) . The time of concentration for each sub-catchment was also known. Time of concentration of the lumped catchment was estimated using this information and following the drainage pattern shown in the mentioned maps. Table 6 shows the value of the parameters for the lumped catchment.
Results and comparison with other approaches
The cdfs for v r and Q p were estimated with the proposed model (solving equations (24)- (42) numerically), with the Guo & Adams model, and with the results from continuous simulation in SWMM using the Weibull plotting position. The cumulated probabilities were converted into return periods using:
where T is the return period in years, F X (x) is the cdf of any variable X, and N is the average number of events per year. Figure 6 shows the v r vs T curves obtained from the three models. It shows that the proposed model presents similar results to those obtained from the frequency analysis of the continuous simulation results, which indicates that the use of copulas can provide similar results to those given by continuous simulation in places where the dependence of rainfall volume and duration is significant. The results obtained with the Guo & Adams model stray from the results of continuous simulation since dependence among variables is not reproduced. Table 6 Physical parameters for lumped catchments and average effective rainfall. Considering that the estimate of the time of concentration is highly uncertain, a sensitivity analysis of this parameter was carried out. Figure 8 shows the Q p vs T curves obtained by applying the SCS hydrograph for different values of t c . For the Chillán catchment, a time of concentration of 4 h was initially estimated; however, it can be observed that the results from continuous simulation are found in a zone delimited by the curves corresponding to t c ¼ 2 and t c ¼ 5 h. For the Santiago catchment, a similar situation occurs. For this reason, evaluating the sensitivity of the results of the analytical model for different values of t c with a wide range of variation, suh as AE50%, is recommended. Figures 9 and 10 show the sensitivity analysis of v r and Q p with respect to the fraction of impervious area of each catchment. These results show the functionality of the model as a planning or a designing tool of urban drainage systems. In the case of the catchment located in Chillán, where the lower curve corresponds to h ¼ 50%, it can be seen how the runoff volume and the peak discharge estimates for a certain return period increase as the impervious fraction increases as a result of urban development in the area. In the case of Santiago, where the lower curve corresponds to h ¼ 80%, two scenarios were considered. It can be seen how the runoff characteristics increase their values as the impervious fraction increases to 90% and how these estimates vary when h decreases to 70% as result to a program of urban drainage solutions, for example. For the sensitivity analysis of Q p , changes in h also affect the time of concentration, these effect was not considered in the presented results and some corrections may be done. Sensitivity analysis with respect to the other physical characteristics of the catchments can be also carried out. However, they were not included in this work because substantial changes of those variables due to urban development are not expected.
CONCLUSIONS
The proposed model allows the cdf of runoff volume and peak discharge rate of urban floods to be estimated based on the properties of storm events, considering the dependence structure of rainfall characteristics. The cdfs of runoff volume and peak discharge rate are calculated by numerical integration of joint pdfs of rainfall characteristics. These were developed analytically, over regions of integration obtained following the derived probability distribution theory and functional relationships given by the rainfall-runoff process. The use of copulas makes it possible to reproduce the dependence structure of the rainfall volume and duration accurately, providing similar results to those from continuous simulation. Another important aspect of the analytical model is the catchment response modelling. For the catchments studied in this application, the SCS hydrograph was determined to be a better approximation; however, for other applications this may not be the case. Improvements should be made in this respect, including a more detailed modelling for simulating the peak discharge rate, using a procedure that does not depend on the time of concentration. Analytical models are a good tool for analysing how the frequency of events changes in accordance with the variations in the physical parameters of catchments because they can be easily, quickly, and compactly implemented and calculated using a spreadsheet. 
